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A Proof about Binary Trees

BT.thy
WO X 4P Y Mg .- 00w < 6P
datatype 'a bt =
Lf
| Br 'a
fun reflect ::

lemma reflect_reflect_ident:
proof (induct t)

-u-:**-  BT.thy 11% L13 (Isar Utoks Abbrev; Scripting )

proof (state): step 1

goal (2 subgoals):
1. reflect (reflect Lf) = Lf
2. N\a t1 t2.
[reflect (reflect t1) = t1; reflect (reflect t2) = tZ2]
= reflect (reflect (Br a t1 t2)) = Br a tl1 t2

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar goto




A Proof about Binary Trees

® OO0 + BT.thy -)
QO Z 4P Y IHGg. .00 = o6 P

datatype 'a bt =
Lf
| Br 'a "'a bt" "'a bt"

fun reflect :: "'a bt => 'a bt" where
"reflect Lf = L"
| "reflect (Br a tl1 t2) = Br a (reflect t2) (reflect tl1)"

lemma reflect_reflect_ident: "reflect (reflect t) = t"
proof (induct t)

-u-:**-  BT.thy 11% L13 (Isar Utoks Abbrev; Scripting )

proof (state): step 1

Must we copy each case

1. reflect (reflect Lf) = Lf and such blg contexts!
2. N\a t1 t2.

[reflect (reflect t1) = tl1; reflect (reflect t2) = tZ2]

= reflect (reflect (Br a t1 t2)) = Br a tl1 t2

goal (2 subgoals):

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
- tool-bar goto




Finding Predefined Cases

~ @ Emacs File Edit Options Tools giri- 08 Proof-General Maths Tokens Buffers Hel
®@00 Logics L )
@CO A 4 + ¥ (& - @ Commands |

[
[
Show Me >
[
[

datatype 'a bt =
Lf Favourites

| Br 'a Settings

Start Isabelle (C-c C-5s)
Exit Isabelle (C-c C-x)
| | Set Isabelle Command

fun reflect :: whe

Help >
lemma reflect_reflect_ident: CT(Trertect Ty =T

proof (induct t)

-u-:**-
cases:
Lf:
let "7case” =
Br:
fix a_ tl_ t2_

BT.thy 11% L13 (Isar Utoks Abbrev; Sci

"reflect (reflect Lf) = Lf"

let "7case"” = "reflect (reflect (Br a_ t1_ t2.)) =Br a_ t1_ t2_"

assume

Br.hyps: "reflect (reflect t1.) = t1_" "reflect (reflect tZ2.) = t2_"

and Br.prems:

-u-:%%- *response* ALl L9
menu-bar Isabelle Show Me Cases

Cases (C{< C-a <h> <c>)
Facts (C-c C-a <h> <f>)
Term Bindings (C-c C-a <h> <b>)

Classical Rules (C-c C-a <h> <C>)
Induct/Cases Rules (C-c C-a <h> <I>)
Simplifier Rules (C-c C-a <h> <S>)
Theorems (C-c C-a <h> <t>)
Transitivity Rules (C-c C-a <h> <T>)

Antiquotations (C-c C-a <h> <A>)
Attributes (C-c C-a <h> <a>)
Commands (C-c C-a <h> <o0>)
Inner Syntax (C-c C-a <h> <i>)
Methods (C-c C-a <h> <m>)

(Isar Messages Utoks Abbrev;)




Flndlng Predefined Cases

Logics
Commands

— Show Me
datatype 'a bt =

Lf Favourites
| Br 'a " "'a bt" Settings

Start Isabelle (C-c C-s)
Exit Isabelle (C-c C-x)
Set Isabelle Command

fun reflect ::

I
Help >
lemma reflect_reflect_ident: "reflcecorurerrecormpr=ro

proof (induct t)

-u=-: *k
cases:

Lf:

P let "7case” =
Built-in [
fix a_ tl_ t2_
CaSEs let "?case” = "reflect (reflect (Br a_ t1_ t2.)) =
assume
Br.hyps: "reflect (reflect t1.)
and Br.prems:

BT.thy 11% L13 (Isar Utoks Abbrev; Sci

"reflect (reflect Lf) = Lf"

-u-:%%- *response* All L9
menu-bar Isabelle Show Me Cases

Cases (C{c C-a <h> <c>)
Facts (C-c C-a <h> <f>)
Term Bindings (C-c C-a <h> <b>)

Classical Rules (C-c C-a <h> <C>)
Induct/Cases Rules (C-c C-a <h> <I|>)
Simplifier Rules (C-c C-a <h> <S>)
Theorems (C-c C-a <h> <t>)
Transitivity Rules (C-c C-a <h> <T>)

Antiquotations (C-c C-a <h> <A>)
Attributes (C-c C-a <h> <a>)
Commands (C-c C-a <h> <o0>)
Inner Syntax (C-c C-a <h> <i>)
Methods (C-c C-a <h> <m>)

= t1_" "reflect (reflect t2.) = t2_"

(Isar Messages Utoks Abbrev;)

M

B o N




Flndlng Predefined Cases

Commands

: Cases (C{c C-a <h> <c>)
datatype 'a bt = Facts (C-c C-a <h> <f>)

Lf Favc?urites Term Bindings (C-c C-a <h> <b>)
| Br 'a "'a bt" "'a bt" Settings

.. Classical Rules (C-c C-a <h> <C>)
fun reflect :: "'a bt — 'a bt' whe ootlsabele (LoCLmS T nguct/Cases Rules (C-c C-a <h> <I>)
"reflect Lf = Lf" Exit Isabelle (C-c C-x) Simplifier Rules (C-c C-a <h> <S>)

| "reflect (Br a t1 t2) = Br a (rej S¢t!sabelle Command Theorems (C-c C-a <h> <t>)
Help > Transitivity Rules (C-c C-a <h> <T>)

lemma reflect_reflect_ident: "reflcoorererrecormpr=roo

proof (induct t) Antiquotations (C-c C-a <h> <A>)

Attributes (C-c C-a <h> <a>)
Commands (C-c C-a <h> <o0>)
T T .
gas..e5° BT.thy 11% L13 (Isar Utoks Abbrev; Sci Inner Syntax (C-c C-a <h> <i>)
Lf: ) Methods (C-c C-a <h> <m>)

‘le ¢ let "?case” = "reflect (reflect Lf) = Lf"
Built-in [ M
fix a_ tl1_ t2_
CasSES let "?case” = "reflect (reflect (Br a_ t1_t2.)) =Br a_ t1_ t2_"
assume
name of Br.hyps: "reflect (reflect t1.) = t1_" "reflect (reflect t2.) = t2_"
and Br.prems:

induction hyps

-u-:%%- *response* All L9 (Isar Messages Utoks Abbrev;)
menu-bar Isabelle Show Me Cases




Finding Predefined Cases

Commands

Lf Favourites
| Br 'a "'a bt" " Settings

Start Isabelle (C-c C-s)
Exit Isabelle (C-c C-x)
Set Isabelle Command

fun reflect :: ""a bt
"reflect Lf = Lf"
| "reflect (Br a t1 t2) = Br a (ref
Help >

lemma reflect_reflect_ident: "reflecoporerrecormrr=m
proof (induct t)

-U-: ¥k _
cases:

Lf:

. . let "7case” =
Built-in [

cases fix a_ tl_ t2_

BT.thy 11% L13 (Isar Utoks Abbrev; Sci

abbreviation of conclusion
"reflect (reflect Lf) = Lf"

assume
name of

3 . and Br.prems:
induction hyps P

-u-:%%- *response* All L9
menu-bar Isabelle Show Me Cases

Cases (C{< C-a <h> <c>)
Facts (C-c C-a <h> <f>)
Term Bindings (C-c C-a <h> <b>)

Classical Rules (C-c C-a <h> <C>)
Induct/Cases Rules (C-c C-a <h> <I|>)
Simplifier Rules (C-c C-a <h> <S>)
Theorems (C-c C-a <h> <t>)
Transitivity Rules (C-c C-a <h> <T>)

Antiquotations (C-c C-a <h> <A>)
Attributes (C-c C-a <h> <a>)
Commands (C-c C-a <h> <o0>)
Inner Syntax (C-c C-a <h> <i>)
Methods (C-c C-a <h> <m>)

let "?case" = "reflect (reflect (Br a_ t1_ t2.)) =Br a_ t1_ t2_"

Br.hyps: "reflect (reflect t1.) = t1_" "reflect (reflect tZ2.) = t2_"

(Isar Messages Utoks Abbrev;)




The Finished Proof

- BT.thy
QO X 4P XG4 .00 < 6 F

lemma reflect_reflect_ident:
proof (induct t)
case Lf
show 7case by simp
next
case (Br a t1 t2)
thus ?case by simp
P ged

-u-:**-  BT.thy 56% L11 (Isar Utoks Abbrev; Scripting )
Successful attempt to solve goal by exported rule:
Ireflect (reflect ?7t1.2) = ?7t1.2; reflect (reflect ?t2.2) = ?t2.2]
= reflect (reflect (Br 7a2 7t1.2 7t2.2)) = Br 7a2 7tl1.2 7t2.2

-u-:%%- *response* All L3 (Isar Messages Utoks Abbrev;)




The Finished Proof

®00 BT.thy
QX A4P Y HNEG.060 < 6 F

lemma reflect_reflect_ident: '
proof (induct t)

case Lf <&

show ?case by simp the two cases
next

case (Br a t1 t2)

thus ?case by simp
P ged

-u-:**-  BT.thy 56% L11 (Isar Utoks Abbrev; Scripting )
Successful attempt to solve goal by exported rule:
[reflect (reflect 7tl1.2) = ?tl1.2; reflect (reflect ?t2.2) = 7t2.2]
= reflect (reflect (Br 7a2 ?tl1.2 7t2.2)) = Br 7a2 ?7tl1.2 7t2.2

-u-:%%- *response* ALl L3 (Isar Messages Utoks Abbrev;)




The Finished Proof

® OO » BT.thy
WO X 4P Y »G.. o600 = o F

Lemma reflect_reflect_ident: "reflect (reflect t) = t"
proof (induct t)

case Lf <
show ?case by simp the tWO cases
; éase (Br a t1 t2)
instances of thus ?case by simp
the goal '

-u-:**-  BT.thy 56% L11 (Isar Utoks Abbrev; Scripting )
Successful attempt to solve goal by exported rule:
[reflect (reflect 7tl1.2) = ?tl1.2; reflect (reflect ?t2.2) = 7t2.2]
= reflect (reflect (Br 7a2 ?tl1.2 7t2.2)) = Br 7a2 ?7tl1.2 7t2.2

-u-:%%- *response* All L3 (Isar Messages Utoks Abbrev;)




instances of
the goal

The Finished Proof

® 00 s BT.thy

WO R 4P Y. 0w o 6P

lemma reflect_reflect_ident: "reflect (reflect t) = t"
proof (induct t)

case Lf <
show ?case by simp the two cases
éase (Br a t1 t2)

thus ?case by sinip

list of bound variables

-u-:**-  BT.thy 56% L11 (Isar Utoks Abbrev; Scripting )

Successful attempt to solve goal by exported rule:
[reflect (reflect 7tl1.2) = ?tl1.2; reflect (reflect ?t2.2) = 7t2.2]
=> reflect (reflect (Br 7a2 7t1.2 7t2.2)) = Br 7a2 7t1.2 7t2.2

-u-:%%- *response* ALl L3 (Isar Messages Utoks Abbrev;)




The Finished Proof

® OO0 + BT.thy
WO R 4P Y. 0w o 6P

lemma reflect_reflect_ident: "reflect (reflect t) = t"
proof (induct t)

case Lf <€
show ?case by simp the twWo cases
; éase (Br a t1 t2)
NNEI g ReI# thus ?case by sinf
the goal : list of bound variables

-u-:**-  BT.thy 56% L11 (Isar Utoks Abbrev; Scripting )
Successful attempt to solve goal by exported rule:
[reflect (reflect 7tl1.2) = ?tl1.2; reflect (reflect ?t2.2) = 7t2.2]
= reflect (reflect (Br 7a2 ?tl1.2 7t2.2)) = Br 7a2 7tl1.2 7t2.2

Isabelle has proved the
induction step

-u-:%%- *response* ALl L3 (Isar Messages Utoks Abbrev;)-----=--cccecmaeaaa-
/4




A More Sophisticated Proof

BT.thy
O Z 4P XY M4 .00 = 6 F

text{*The finite powerset operator¥*}

inductive_set Fin :: where
emptyl:
| insertI:

declare Fin.intros [intro]

lemma
proof (induct A arbitrary: B rule: Fin.induct)
-u-:--- BT.thy 29% L22 (Isar Utoks Abbrev; Scripting )
cases:
emptyl:
fix B
let "?case” = "B € Fin"
assume emptyl.hyps: and emptyl.prems: "B € {}"
insertl:
fix A_a_ B
let "?case” = "B € Fin"
assume insertI.hyps: "A_ € Fin" "AB. B € A_ = B € Fin" and
insertl.prems: "B € insert a_ A_"

-u-:%%- *response* ALl L10 (Isar Messages Utoks Abbrev;)




A More Sophisticated Proof

P N ~

» BT.thy
QX A4P Y HNEG.060 < 6 F

text{*The finite powerset operator¥*}

inductive_set Fin :: where
emptyl:
| insertl:

declare Fin.intros [intro] a hamed induction rule
lemma

proof (induct A arbitrary: B rule: Fin.induct)
-u-:--- BT.thy 29% L22 (Isar Utoks Abbrev; Scripting )
cases:
emptyl:
fix B
let "?case” = "B € Fin"
assume emptyl.hyps: and emptyl.prems: "B € {}"
insertl:
fix A_ a_ B
let "?case” = "B € Fin"
assume insertI.hyps: "A_ € Fin" "AB. B € A_ = B € Fin" and
insertl.prems: "B C insert a_ A"

-u-:%%- *response* All L10 (Isar Messages Utoks Abbrev;)




A More Sophisticated Proof

606 5 BT.thy -
CO X 4P Y0 = 6 F

text{*The finite powerset operator*}

inductive_set F1n :: "'a set set" where
s e
| insertI:

declare Fin.intros [intro] a hamed induction rule
lemma "[| A € | : 3 € Fin’

proof (1nduct A arb1trary rule Fin.induct)
-u-:--- BT.thy 29% L&2 (Isar Utoks Abbrev; Scripting )
cases:
emptyl:
fix B €— an arbitrary variable
let "?case” = "B € Fin"
assume emptyl.hyps;eafid emptyl.prems: "B € {}"
insertl:
fix A_ a_ B
let "?case" = "B € Fin"
assume insertI.hyps: "A_ € Fin" "AB. B € A_ = B € Fin" and
insertl.prems: "B € insert a_ A"

-u-:%%- *response* All L10 (Isar Messages Utoks Abbrev;)




A More Sophisticated Proof

O00 + BT.thy &)

QO Z AP Y MGgGg. .0 < o P

text{*The finite powerset operator*}

inductive_set Fin :: "'a set set" where

emptyIl: "{} ¢ Fin®
| insertI: "A € Fin ==> insert a A € Fin"

declare Fin.intros [intro] a hamed induction rule
1ema ﬁ‘ A (= rkr“ 3 = /\ 1 — 3 - Fkn

proof (induct A arbitrary: B rule: Fin.induct)
-u-:--- BT.thy 29% B2  (Isar Utoks Abbrev; Scripting )
cases:
emptyl:
fix B €— an arbitrary variable
let "?case" = "B € Fin"
assume emptyl.hyps;-efid emptyl.prems: "B € {}"
insertI:
fix A_ a_ B
let "?case" = "B € Fin"
assume insertI.hyps: "A_ € Fin" "AB. B E A_ = B € Fin" and
insertl.prems: "B € insert a_ A_"

-u-:%%- *response* ALl L10O (Isar Megsages Utoks Abbrev;)

non-empty premises




Proving the Base Case

BT.thy
QWX 4P XG0 < 66 F

inductive_set Fin :: where
emptyl:
| insertl:

declare Fin.intros [intro]

lemma

proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus

-u-:--- BT.thy 35% L24 (Isar Utoks Abbrev; Scripting )

proof (prove): step 3

using this:

B < {}

goal (1 subgoal):
1. B € Fin

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)




Proving the Base Case

06 > BT.thy
WO X 4P Y »G.. o600 = o F

inductive_set Fin :: "'a set set" where
emptyIl: | Fin"
| insertI: "~

declare Fin.intros [intro]

i N — @ = > — - 8

lenma "[| A € Fin; B € A |] => B € Fin
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)

thus "B € Fu
-u-:--- "Bl thy 35% L24 (Isar Utoks Abbrev; Scripting )

proof (prove): step 3
“thus” makes the premise available

using this:
Bg{}i’

goal (1 subgoal):
1. B € Fin

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)




Proving the Base Case

O00 s BT.thy

WO R 4P Y. 0w o 6P

inductive_set Fin :: "'a set set"” where
emptyl: "{: ¢ Fin”
| insertI: "A € Fin ==> insert a A € Fin"

declare Fin.intros [intro]

lemma "[| A € Fin; B € A |] => B € Fin"

proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B
thus "B € Fin"

-u-:--- "B, thy

“arbitrary” variables must be named!
proof (prove): step 3

“thus” makes the premise available

using this:
Bg{}i’

goal (1 subgoal):
1. B € Fin

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)




A Nested Case Analysis

BT.thy
QWX 4P XG0 < 66 F
declare Fin.intros [intro]

lemma
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus
by auto
next

case (insertl A a B)
show

proof (cases )
-u-:--- BT.thy 45% L29 (Isar Utoks Abbrev; Scripting )

proof (state): step 8

goal (2 subgoals):
1. BE A= B € Fin
2. " BCSC A= B € Fin

(Isar Proofstate Utoks Abbrev;)




A Nested Case Analysis

000 5 BT.thy
CO X 4P Y0 = 6 F
declare Fin.intros [intro]

lemma A Fin; B | - B |
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus "E n"
by auto
next
case (insertl A a B)

show "E |
proof (cases "B € A") case analysis on this formula
-u-:--- BT.thy 45% L29 ar UTOKS ADDrev DTLNG

proof (state): step 8

goal (2
1. B €
2. ° B

(Isar Proofstate Utoks Abbrev;)




A Nested Case Analysis

O00 s BT.thy

WO R 4P Y. 0w o 6P

declare Fin.intros [intro]

1ema ”[[ A = Fln, B = A l] —— B = F;Lnn
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyI B)

thus "B € Fin" % g 3 -
by auto arbitrary” variables must

next (again) be named!
case (insertl A a B)

show "B € Fin" : 3
proof (cases "B < A") case analysis on this formula
Y= - BT,thy [ JTOK ADDIrev ] [

proof (state): step 8

goal (2
1. B €
2. ° B

Top L1 (Isar Proofstate Utoks Abbrev;)




The Complete Proof

BTplus.thy

QWX 4P XG0 < 66 F

lemma
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus
by auto
next
case (insertl A a B)
show
proof (cases )
case True
show using insertl True
by auto
next
case False
have Ba: using
by auto
hence using False
by auto
also have using insertl Ba
by blast
finally show
P qed
ged
-u-:--- BTplus.thy 20% L50 (Isar Utoks Abbrev; Scripting )




The Complete Proof

000 » BTplus.thy
QX A4P Y HNEG.060 < 6 F

lemma * : B |
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus "E .
by auto
next
case (insertI A a B)
show " .
proof (cases "E D
case True
true and show "E " using insertl True
by auto

false cases Qe
case False
have Ba: "E {a} ' using
by auto
hence "E sert a (E {a})" using False
by auto
also have ".. " using insertl Ba
by blast
finally show °
P ged

-u-:--- BTplus.thy 20% LS50 (Isar Utoks Abbrev; Scripting )




The Complete Proof

o OO > BTplus.thy
QO EZ 4P XY )Mo 00w = o F

true and
false cases

lemma "[| A € Fin; B € A |] => B € Fin"
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus "B € Fin"
by auto
next induction hypothesis and premise
case (insertI A
show "B € Fin"
proof (cases 'E
case True
show "B € Fin" using insertl True
by auto
next
case False
have Ba: "B - {a} A" using ‘B € insert a A’
by auto
hence "B = insert a (B - {a})" using False
by auto
also have "... € Fin" using insertI Ba
by blast
finally show "B € Fin" .
P ged

-u-:--- BTplus.thy 20% LS50 (Isar Utoks Abbrev; Scripting )




The Complete Proof

OO0 5 BTplus.thy

WO R 4P Y. 0w o 6P

true and
false cases

lemma "[| A € Fin; B € A |] => B € Fin"
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus "B € Fin"
by auto

next induction hypothesis and premise
case (insertl A a B)

Z?ﬁfw?cis;r‘é!g c A" the true case: BCA
case True

show "B € Fin" using insertl True
by auto
next
case False
have Ba: "B - {a} € A" using 'B € insert a A’
by auto
hence "B = insert a (B - {a})" using False
by auto
also have "... € Fin" using insertI Ba
by blast
finally show "B € Fin" .
P ged

-u-:--- BTplus.thy 20% L50 (Isar Utoks Abbrev; Scripting )




The Complete Proof

OO0 0 s BTplus.thy

WO R 4P Y. 0w o 6P

true and
false cases

lemma "[| A € Fin; B € A |] => B € Fin"
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus "B € Fin"
by auto

next induction hypothesis and premise
case (insertl A a B)

;2xf ?cjsgén”s c A") the true case: BCA
case True

show "B € Fin" using insertl True
by auto
next
case False
have Ba: "B - {a} € A" using 'B € insert a A’
by auto
hence "B = insert a (B - {a})" using False

by auto
also have "... € Fin" using insertl Ba the false case: = BCA
by blast

finally show "B € Fin" .
P ged

-u-:--- BTplus.thy 20% L50 (Isar Utoks Abbrev; Scripting )




The Complete Proof

OO0 s BTplus.thy

QO X 4P Y. .o 00w = 0 F

true and
false cases

lemma "[| A € Fin; B € A |] => B € Fin"
proof (induct A arbitrary: B rule: Fin.induct)
case (emptyl B)
thus "B € Fin"
by auto
next induction hypothesis and premise
case (insertl A a B)

;:xf ?cjs;n”s c A") the true case: BCA
case True

show "B € Fin" using insertl True
by auto direct quotation of a fact
next
case False
have Ba: "B - {a} € A" using 'B € insert a A’
by auto
hence "B = insert a (B - {a})" using False

by auto
also have "... € Fin" using insertl Ba the false case: = BCA
by blast . >

finally show "B € Fin" .
» qed
ged
-u-:--- BTplus.thy 20% LS50 (Isar Utoks Abbrev; Scripting )




Which Theorems are Available?

~ @8 Emacs File Edit Options Tools Wirl:l[8 Proof-General Maths Tokens Buffers Help
®no Logics

-

O

>
O Z 4 P Y »d _ . € Commands »L
- ﬂ \L Show Me > Cases (C-c C-a <h> <c>)
>
| 4

have Ba: using
by auto Favourites

hence Settings
» by auto Classical Rules (C-c C-a <h> <C>)

-u-:--- BT.thy Start Isabelle (C-c C-s) Induct/Cases Rules (C-c C-a <h> <I>)
facts: Exit Isabelle (C-c C-x) Simplifier Rules (C-c C-a <h> <S>)
Ba: B - {a} € A Set Isabelle Command Theorems (C-c C-a <h> <t>)
False: -~ B C A Help Transitivity Rules (C-c C-a <h> <T>)

assms:

insertl:

A € Fin

7B € A= 7B € Fin

i.3ts (C-c C-a <h> <f>)
Term Bindings (C-c C-a <h> <b>)

Antiquotations (C-c C-a <h> <A>)
Attributes (C-c C-a <h> <a>)
Commands (C-c C-a <h> <0>)
. Inner Syntax (C-c C-a <h> <i>)
C
. B S 1nsert a A Methods (C-c C-a <h> <m>)
insertl.hyps:

A € Fin H"
7B € A= 7B € Fin

insertl.prems: B € insert a A

unnamed:
A € Fin
-~ BCA
B - {a} €A
B C insert a A
7B € A= 7B € Fin

-u-:%%- *response* All L12 (Isar Messages Utoks Abbrev;)




Which Theorems are Available?

OO A 4 F X @ - O Commands

= : — : Show Me Cases (C-c C-a <h> <c>)
have Ba: "H s ’ i.3ts (C-c C-a <h> <f>)

Favc.)urites Term Bindings (C-c C-a <h> <b>)
Settings

,, ,‘ Classical Rules (C-c C-a <h> <C>)
a recently proved fact K (EIeS Induct/Cases Rules (C-c C-a <h> <I>)
avelle (C-c C-x) Simplifier Rules (C-c C-a <h> <S>)
Set Isabelle Command Theorems (C-c C-a <h> <t>)
False: -~ BE € A Help Transitivity Rules (C-c C-a <h> <T>)
assms: ‘
insertI:
A € Fin
7B € A= 7B € Fin

Antiquotations (C-c C-a <h> <A>)
Attributes (C-c C-a <h> <a>)
Commands (C-c C-a <h> <o0>)
. Inner Syntax (C-c C-a <h> <i>)
H € 1nsert a A
insertI.hyps: Methods (C-c C-a <h> <m>)

A € Fin [T
7B C A= 7B € Fin

insertl.prems: B C insert a A

unnamed:
A € Fin
~BCA
B - {a} €A
B C insert a A
7B C A= 7B € Fin

-u-:%%- *response* All L12 (Isar Messages Utoks Abbrev;)




Which Theorems are Available?

Commands

Cases (C-c C-a <h> <c>)
L3ts (C-c C-a <h> <f>)

Favourites Term Bindings (C-c C-a <h> <b>)

] fa}> Settings
,, .. Classical Rules (C-c C-a <h> <C>)
a recently proved T de e (C-c C-s) Induct/Cases Rules (C-c C-a <h> <I>)
avelle (C-c C-x) Simplifier Rules (C-c C-a <h> <S>)
c A Set Isabelle Command Theorems (C-c C-a <h> <t>)

the false case: = BCA Transitivity Rules (C-c C-a <h> <T>)

Antiquotations (C-c C-a <h> <A>)
Attributes (C-c C-a <h> <a>)
) Commands (C-c C-a <h> <o0>)
7R C ?
B < A=> 7B €Fin Inner Syntax (C-c C-a <h> <i>)
Methods (C-c C-a <h> <m>)

B C insert a A
insertl.hyps:

A € Fin

7B C A= 7B € Fin
insertl.prems: B C insert a A
unnamed:

A € Fin

~BCA

B - {a} €A

B C insert a A

7B C A= 7B € Fin

-u-:%%- *response* All L12 (Isar Messages Utoks Abbrev;)




Which Theorems are Available?

Commands

Cases (C-c C-a <h> <c>)
L3ts (C-c C-a <h> <f>)

Favourites Term Bindings (C-c C-a <h> <b>)

Settings
\ Classical Rules (C-c C-a <h> <C>)
a recentl)’ proved T e le (C-c C-s) Induct/Cases Rules (C-c C-a <h> <I>)
avelle (C-c C-x) Simplifier Rules (C-c C-a <h> <S>)
c A Set Isabelle Command Theorems (C-c C-a <h> <t>)

the false case: = BCA > Transitivity Rules (C-c C-a <h> <T>)

|

insertl: < Antiquotations (C-c C-a <h> <A>)

. - Attributes (C-c C-a <h> <a>)
A € Fin facts for the case insertl Commands (C—c C-a <h> <0>)

7B C ? 1
B< A= 7B €Fin Inner Syntax (C-c C-a <h> <i>)

B C insert a A
insertI.hyps: Methods (C-c C-a <h> <m>)

A € Fin I
7B C A= 7B € Fin

insertl.prems: B C insert a A

unnamed:
A € Fin
~BCA
B - {a} €A
B C insert a A
7B € A= 7B € Fin

-u-:%%- *response* All L12 (Isar Messages Utoks Abbrev;)




Which Theorems are Available?

Commands

Cases (C-c C-a <h> <c>)
L3ts (C-c C-a <h> <f>)

Favourites Term Bindings (C-c C-a <h> <b>)

Settings
Classical Rules (C-c C-a <h> <C>)
a recently proved fact JEN(EISES Induct/Cases Rules (C-c C-a <h> <I>)
avelle (C-c C-x) Simplifier Rules (C-c C-a <h> <S>)
c A Set Isabelle Command Theorems (C-c C-a <h> <t>)

the false case: = BCA > Transitivity Rules (C-c C-a <h> <T>)

| . .
insertl: < Antiquotations (C-c C-a <h> <A>)

. ! Attributes (C-c C-a <h> <a>)
A € Fin facts for the case insertl Commands (C—c C-a <h> <0>)

7B C ? 1
B C A= 7B € Fin Inner Syntax (C-c C-a <h> <i>)

B C insert a A
insertI.hyps: <€— separate hyps and Mathods IC=c C=a <h> <>

e e i g . prems for insert|
insertl.prems: B C insert a A
unnamed:
A € Fin
~BCA
B - {a} €A
B C insert a A
7B € A= 7B € Fin
-u-:%%- *response* All L12 (Isar Messages Utoks Abbrev;)




Existential Claims:‘“obtain”

BT.thy
WO ZXA4Pr Y Hg. . 0w < o F

lemma dvd_mult_cancel:
fixes k::nat
assumes dv:
shows
proof -
obtain j where using dv
by (auto simp add: dvd_def)
hence
by (simp add: mult_ac)
hence using
by auto

-u-:--- BT.thy 62% L61 (Isar Utoks Abbrev; Scripting )
proof (prove): step 3

using this:
K *madvd k * n

goal (1 subgoal):
1. (AJ. k*n=k *m* j = thesis) = thesis

bdvda < (3k.a=b x k)




Existential Claims:‘“obtain”

000 5 BT.thy
QX A4P Y HNEG.060 < 6 F

lemma dvd_mult_cancel:

fixes k::nat 3 .
assumes dv: "k*m dv : "k to obtain variables

shows “m dvi : ; i : i
SatISf N iven pro ertles,
oroof - ying given prop

obtain j where " n)*7" using dv
by (auto 51mp add dvd _def)
hence "k
by (simp add mult _ac)
hence " n*7" using @
by auto
-u-:--- BT.thy 62% L6l (Isar Utoks Abbrev; Scripting )

proof (prove): step 3

using this:
k * mdvd k * n

goal (1 subgoal):
1. (Aj. k*n=k *m* j = thesis) = thesis

bdvda < (3k.a=b x k)




Existential Claims:‘“obtain”

olole, s> BT.thy
QO Z 4P Y IHGg. .00 = o6 P

lemma dvd_mult_cancel:

fixes k::nat b :
assumes dv: "k*m dvd k*n" and "0<k" to obtain variables

pr;’;gws Sl satisfying given properties,
obtain j where "k*n = (k*m)*j" using dv
by (auto simp add: dvd_def)
hence "k*n = k*(m*7)"
by (simp add: mult_ac)
hence "n = m*]" using @<k’
by auto
-u-:--- BT.thy 62% L61 (Isar Utoks Abbrev; Scripting )

proof (prove): step 3

using this: ... Isabelle needs to

Kk *mdvd k * n 3 A Ak
prove an elimination rule

goal (1 subgoal):
1. (Aj. k*n=k *m* j = thesis) = thesis

bdvda < (3k.a=b x k)




Continuing the

O 0C » BT.thy
WCOZX a4 Y .o 00w = 6 F

lemma dvd_mult_cancel:
fixes k::nat
assumes dv:
shows
proof -
obtain j where using dv
by (auto simp add: dvd_def)
hence
by (simp add: mult_ac)
hence using
by auto
-u-:--- BT.thy 62% L62 (Isar Utoks Abbrev; Scripting )

proof (prove): step 5

using this:
K*n=k*m#* j

goal (1 subgoal):
1. k*n=k*(m* 7)

-u-:%%- *goals* (Isar Proofstate Utoks Abbrev;)
tool-bar next




Continuing the Proof

000 5 BT.thy
WO R 4P Y. 0w o 6P

lemma dvd_mult_cancel:
fixes k::nat
assumes dv: "k*m dvd k*n" and "0<k"
shows "m dvd n"
proof -
obtain j where "k*n = (k*m)*j" using dv
by (Cauto simp add: dvd_def)
hence "k*n = k*(m*7)"
by (simp add: mult_ac)
hence "n = m*]" using O<k’
by auto
-u-:--- BT.thy 62% L62 (Isar Utoks Abbrev; Scripting )

proof (prove): step S

using this:

k*n=k*m*j < we nhow have the

goal (1 subgoal): key property of |

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




The Finished Proof

836 A » BT.thy
WO EZ 4P Y »Gg..o 00w = 6 F

lemma dvd_mult_cancel:
fixes k::nat
assumes dv:
shows
proof -
obtain j where using dv
by (auto simp add: dvd_def)
hence
by (simp add: mult_ac)
hence using
by auto
thus
by (auto simp add: dvd_def)
P ged
-u-:--- BT.thy 62% L54 (Isar Utoks Abbrev; Scripting )

proof (state): step 11

this:
m dvd n

goal:
No subgoals!
-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)




The Finished Proof

06 > BT.thy
WO X 4P Y »G.. o600 = o F

lemma dvd_mult_cancel:
fixes k::nat
assumes dv: "k*m dvd k*n" and "0<k"
shows "“m dvd n"
proof -
obtain j where "k*n = (k*m)*j" using dv
by (auto simp add: dvd_def)
hence "k*n = k*(m*j)"
by (simp add: mult_ac) removing k from
hence "n = m*]" using 0O<k’ 7
by auto the equality
thus "m dvd n"
by (auto simp add: dvd_def)
P ged
-u-:--- BT.thy 62% L54 (Isar Utoks Abbrev; Scripting )

proof (state): step 11

this:
m dvd n

goal:
No subgoals!
-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)




Introducing “then”

> BTplus.thy
QCOEI 4P IGO0 P

lemma
proof (induct ys arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons y ys)
then
» obtain z zs where Xxs: by auto
then have using Cons
by simp
-u-:--- BTplus.thy 79% L8O (Isar Utoks Abbrev; Scripting )

N N ™

proof (chain): step 8

picking this:
map f ?xs = map f ys = length ?xs = length vys
map f xs =map f (y # ys)

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
Use C-c C-o0 to rotate output buffers; C-c C-w to clear response & trace.




Introducing “then”

> BTplus.thy
WO R 4P Y. 0w o 6P

lemma "map f xs = map f ys = length xs = length ys"
proof (induct ys arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons y ys)
then €
» obtain z zs where xs:
then have "map f zs
by simp
-u-:--- BTplus.thy

f ! | |

proof (chain): step 2

picking this:
map f ?xs = map f ys = length ?xs = length ys
map f xs =map f (y # ys)

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
Use C-c C-o0 to rotate output buffers; C-c C-w to clear response & trace.




Introducing “then”

» BTplus.thy
WO R 4P Y. 0w o 6P

lemma "map f xs = map f ys = length xs = length ys"
proof (induct ys arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons y ys)
then €
» obtain z zs where xs: "
then have "map f zs = map f ys' Asing Cons
by simp
-u-:--- BTplus.thy % A8 (Isar Utoks Abbrev; Scripting )

A OO

proof (chain): step 2

picking this:
map f ?xs = map f ys = length ?xs = length ys
map f xs =map f (y # ys)

N

A

v

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)------------------
Use C-c C-o0 to rotate output buffers; C-c C-w to clear response & trace.

/.




Another Example of “obtain”

BTplus.thy
WCO X 4P Y i .2 O e ¥

lemma
proof (induct ys arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons y ys)
then
» obtain z zs where Xxs: by auto
then have using Cons
by simp
-u-:--- BTplus.thy 79% L81 (Isar Utoks Abbrev; Scripting )

proof (prove): step 9
using this:
map f ?xs = map f ys = length 7?xs = length ys

map f xs =map f (y # ys)

goal (1 subgoal):
1. (Az zs. xs = z # zs = thesis) = thesis

(map f xs = y#Hys) <> (Jz zs.xs = z#Hzs & fz =y & map f zs = ys)




Another Example of “obtain”

NN ™

> BTplus.thy
QX A4P Y HNEG.060 < 6 F

lemma
proof (induct ys arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons y ys)
then
» obtain z zs where Xxs: by auto

then have using Cons
by simp
-u-:--- BTplus.thy 79% L81 (Isar Utoks Abbrev; Scripting )

proof (prove): step 9

using this:
map f 7xs => length ?xs = length vys

goal (1 subgdal):
1. (Az zs. xs = z # zs = thesis) = thesis

(map f xs = y#ys) « (3z zs.xs = zHzs & fz =y & map f zs = ys)




Facts from Two Sources

oleole » BTplus.thy
O Z 4P XY M4 .00 = 6 F

lemma
proof (induct ys arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons y ys)
then
obtain z zs where xs: by auto
then have using Cons
» by simp
-u-:--- BTplus.thy 79% L83 (Isar Utoks Abbrev; Scripting )

proof (prove): step 13

using this:
XS = Z # zs
map f ?xs = map f ys = length ?xs = length vys
map f xs =map f (y # vys)

goal (1 subgoal):
1. map f zs = map f ys

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Facts from Two Sources

N\ ™ M

> BTplus.thy

@@0@14»1»4@,-01’#:0!

lemma "map f xs '
proof (1nduct ys arbttrary xs)
case Nil
then show ?case
by simp
next
case (Cons y ys)
then
obtain z zs where Xs: "xs = z # zs" by auto
then have "map f zs = map f ys" using Cons

79% L83 (Isar Utoks Abbrev; Scripting )

proof (prove): step 13MEYo{=W=\il=1eiie) M1 al=]a

using this:
XS =2z # 2zs
map f ?xs = map f ys = length ?xs = length vys
map f xs =map f (y # ys)

goal (1 subgoal):
1. map f zs = map f vys

-u-:%¥%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Facts from Two Sources

| Y FX

» BTplus.thy
QO EI 4> X o0 =0 P

lemma "map f xs = map f ys = length xs = length ys"
proof (induct ys arbitrary: xs)

case Nil

then show ?case

by simp

next

case (Cons y ys)

then

obtain z zs where xs: "xs = z # zs" by auto

then have "map f zs = map f ys" using Cons

79% L83 (Isar Utok;K:BBhey; Scripting )
DUHCIVOBERE the effect of “then”

using this:
XS =2z # 2zs
map f ?xs = map f ys = length ?xs = length ys
map f xs =map f (y # ys)

e

goal (1 subgoal):
1. map f zs = map f vys

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
- tool-bar next




Finishing Up

@ BTplus.thy
QX A4P Y HNEG.060 < 6 F

case (Cons y ys)

then

obtain z zs where xs: : : by auto

then have "n : 1 using Cons
by simp

then have
by (rule Cons)

then show ?case using Xxs

» by simp
ged

-u-:**-  BTplus.thy 87% L87 (Isar Utoks Abbrev; Scripting )

proof (prove): step 20

using this:
length zs = length vys
XS =2z # 2s

goal (1 subgoal):
1. length xs = length (y # ys)

-u-:%¥%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Finishing Up

® DN + BTplus.thy
WO R 4P Y. 0w o 6P

case (Cons y ys)

then

obtain z zs where xs: "xs = z # zs" by auto

then have "map f zs = map f ys" using Cons
by simp

then have "length zs = length ys" :
S; (,‘fﬁi’e ciﬂi)(“ BRIl - direct use of the

then show ?case using xs induction hypothesis
» by simp
ged

-u-:**-  BTplus.thy 87% L87 (Isar Utoks Abbrev; Scripting )

proof (prove): step 20

using this:
length zs = length vys
Xs =2z # zs

goal (1 subgoal):
1. length xs = length (v # vys)

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




e OO

QO Z 4P Y IHGg. .00 = o6 P

Finishing Up

+ BTplus.thy

case (Cons y ys)
then

obtain z zs where xs:

then have "map f zs
by simp

then

(rule Cons) <«

have "length zs = length ys"

"xs = z # zs" by auto
= map f ys" using Cons

a direct use of the

show ?case using xs

BTplus.thy

proof (prove): stg

using this:
length zs =
XS =2 # zs

goal (1 subgoal):

1. length xs = length (v # vys)

-u-:%%- *goals*
tool-bar next

length vys

induction hypothesis

“then” /“using” again! SARITETIStED)

(Isar Proofstate Utoks Abbrev;)------------——-—--
/.

Top L1




The Complete Proof

- BTplus.thy
QO ZRZ 4P X HMGg. . 00w < 6F

lemma
proof (induct ys arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons y ys)
then
obtain z zs where xs: by auto
then have using Cons
by simp
then have
by (rule Cons)
then show ?case using xs
by simp
P ged
-u-:**-  BTplus.thy 79% L73 (Isar Utoks Abbrev; Scripting )
Successful attempt to solve goal by exported rule:
[Axs. map f xs = map f ?ysa2 = length xs = length ?ysa2;
map f ?xsa2 = map f (?y2 # ?ysa2)l
= length ?xsa2 = length (?y2 # ?ysa2)

-u-:%%- *response* All L4 (Isar Messages Utoks Abbrev;)




The Complete Proof

® OO0 BTplus.thy

@00014»1»4@,-01@*:0!

Lemma "map f xs = map f \ :
proof (induct ys arbttrary xs)
case Nil
then show ?case
by simp
next
case (Cons y ys) ‘ 9 — ¢ 1)
rip then have hence
obtain z zs wbert 7 'Xs = 2 " by auto
then have €nap L25 = map f ys” us1ng Cons
by simp
then have #&leng
by (rule Cons)
then show ?case using xs
by simp

BTplus.thy 79% L73 (Isar Utoks Abbrev; Scripting )

Successful attempt to solve goal by exported rule:
[Axs. map f xs = map f ?ysa2 = length xs = length ?ysa2;
map f ?xsa2 = map f (?y2 # ?ysa2)l
= length ?xsa2 = length (?y2 # ?ysa2)

-u-:%%- *response* All L4 (Isar Messages Utoks Abbrev;)




The Complete Proof

® OO0 > BTplus.thy

WO R 4P Y. 0w o 6P

Lemma "map f xs = map f ys = length xs = length ys"
proof (induct ys arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons y ys) “« ”» — 13
Je then have” = “hence
obtain z zs wber® v "xs = z # zs" by auto
then have < map f ys" using Cons
by simp
then have #length zs = length ys"
by (rule Cons)
then show _?case using xs

» ged ({4 99 B 5C ¢ ’
T  “then show” = “thus

Successful attempt to solve goal by exported rule:
[Axs. map f xs = map f ?ysa2 = length xs = length ?ysa2;
map f ?xsa2 = map f (?y2 # ?ysa2)l
= length ?xsa2 = length (?y2 # ?ysa2)

-u-:%%- *response* All L4 (Isar Messages Utoks Abbrev;)




Additional Proof Structures

case (insertl A a B)

show
proof (cases
case True
show
by auto
next
case False
have Ba:
by auto
hence
by auto
also have
by blast
finally show
ged

)

using insertl True

case (insertl A a B)

show

proof (cases )
case True

using

» with insertl show
by auto
next
case False
have Ba: using
by auto

using False ——>» with False have

using insertl Ba

by auto
» also from insertl Ba have

by blast
finally show
ged




Additional Proof Structures

case (insertl A a B) case (insertl A a B)
show show
proof (cases ) proof (cases )
case True case True
show using insertl True » with insertIl show
by auto by auto
next next
case False case False
have Ba: using have Ba: using
by auto by auto
hence using False ——3» with False have
by auto by auto
also have using insertl Ba » also from insertl Ba have
by blast by blast
finally show - finally show
ged ged

from <facts) = ...using <{facts)




Additional Proof Structures

case (insertl A a B) case (insertl A a B)
show show
proof (cases ) proof (cases )
case True case True
show using insertl True » with insertIl show
by auto by auto
next next
case False case False
have Ba: using have Ba: using
by auto by auto
hence using False ——3» with False have
by auto by auto
also have using insertl Ba » also from insertl Ba have
by blast by blast
finally show - finally show
ged ged

from <facts) = ...using <{facts)

with <{facts) then from <(facts) ...




Additional Proof Structures

case (insertl A a B) case (insertl A a B)
show show
proof (cases ) proof (cases )
case True case True
show using insertl True » with insertIl show
by auto by auto
next next
case False case False
have Ba: using have Ba: using
by auto by auto
hence using False ——3» with False have
by auto by auto
also have using insertl Ba » also from insertl Ba have
by blast by blast
finally show - finally show
ged ged

from <{facts) .. = ..using <{facts)

with <facts) .. = then from <{fact

(where ...is have / show / obtain)




